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Taking a quantum corrected form of Raychaudhuri equation in a geometric background de-
scribed by a Lorentz-violating massive theory of gravity, we go through investigating a time-like
congruence of massive gravitons affected by a Bohmian quantum potential. We find some definite
conditions upon which these gravitons are confined to diverging Bohmian trajectories. The
respective behaviour of those quantum potentials are also derived and discussed. Additionally, and
through a relativistic quantum treatment of a typical wave function, we demonstrate schematic
conditions on the associated frequency to the gravitons, in order to satisfy the necessity of divergence.
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I. INTRODUCTION
The natural inclinations of alternative theories of gravity, beside capturing those solar system (and standard cos-
mic) predictions of general relativity, is to generate a self contained theory of gravitation, applicable to comprehend
the universe without relying on dark energy or dark matter. However talking about matter, somehow arises the
necessity of matter-gravity coupling which has not been yet achieved in the shape of a fully re-normalizable theory of
gravitation. To do so, such theory may become impregnated by massive gravitational quanta (gravitons), not unlike
that of Fierz and Pauli in 1939 [1]. The Lorentz invariant Fierz-Pauli massive spin-2 theory however appears to
suffer some shortcomings, preventing it of becoming a reliable massive gravity theory; like strong coupling in infrared
ranges [2] which necessitates a UV completion to be presumable within small ranges like the Solar system. In fact
it is well-known that if gravitation were to describe massive gravitons of mass m, then the resultant perturbations
would be so small and negligible inside the Compton wavelength λc ∼ ~mc , with c to be the speed of light. Intuitively,
the mass of gravitons are included through adding a term to the gravitational action, implying non-zero mass in
the linearized level. However what is mostly observed in massive theories of gravity is that the gravitons become
massive through the Higgs mechanism, under the impact of scalar fields induced in a gauge-invariant gravitational
action [3–5]. However besides the above Lorentz-invariant theories, the Lorentz-violating massive gravity theories
have also appeared to be in the focus of a large amount of research and discussions. In these theories, the mass
is acquired through the spontaneous symmetry breaking (for very expressive notes on Lorentz-invariant/violating
massive theories please see Ref.s [6, 7]).
In this paper we also consider a Lorentz-violating massive theory, and now that these theories do assign non-
zero mass to the gravitational particles, it makes sense to investigate the way that such particles move on time-like
trajectories on the geometric background described by the theory. Indeed one can consider the time-like gravitons
moving on black holes, formed in massive gravity. Such black holes were discussed in Ref.s [8, 9] and also the effective
potentials and their corresponding orbits of test massive particles moving on a Lorentz-violating massive gravity black
hole has investigated in Ref. [10]. However the very concept of a typical black hole is usually granted by the formation
of a singularity, mostly discussed on the premise of Hawking-Penrose singularity theorems [11–13]. Traditionally, such
theorems are approached by the time-like and null-like combinations of Raychaudhuri’s kinematical decomposition and
his famous equation [14]. Indeed the Raychaudhuri equation is also of great significance in treating the (an)isotropic
cosmological models based on a vorticity-free fluid, and also performs a key role in examining the focusing of a
congruence of particle trajectories while falling onto singular regions such as black holes. In the case of massive
gravity however, those time-like congruences falling onto black holes are essentially consisting of massive gravitons.
In this regard, the congruence basically holds a mixture of quantum particles moving in a gravitational field. A way
to dealing with this, goes through the Bohmian behaviour of quantum particles in a curved spacetime, while they
are affected by a Bohmian quantum potential (for a very good review see Ref. [15]). Accordingly, a congruence of
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2massive gravitons can be decomposed into spacetime and quantum kinematical characteristics. To include this, one
has to modify the Raychaudhuri equation in order to contain both of these categories. It was Das [16], who applied
such a modification and later it was shown that this modified version results in the correctly evaluated graviton mass
in the limit of the associated Compton wave length [17]. Therefore it makes sense to regard time-like trajectories
in massive theories of gravity, as those under the influence of a Bohmian quantum potential, and decompose them
by means of a quantum corrected Raychuadhuri equation (QRE). In this paper we also consider such a situation
in the context of a Lorentz-violating massive theory of gravity. These steps are tackled: In Sec. II we calculate a
radially propagated time-like congruence of massive particles in a general spherically symmetric background spacetime
geometry and impose the results in the QRE to obtain a general framework for the quantum potential. In Sec. III
we consider the special case of a Lorentz-violating massive theory of gravity and exploit its spherically symmetric
solution in order to specify the quantum potential for two different cases of study. There, and for each case, we discuss
the energy conditions upon which the graviton congruence can avoid any geodesic incompleteness (focusing). Such
condition is crucial to Bohmian trajectories. Determination of such quantum potentials helps us to study each case
separately. Furthermore and in Sec. IV, we switch to a Klein-Gordon type equation to rule a non-geodesic congruence
of gravitons, bounded by a quantum potential. This way we can replicate the procedure of finding divergence, in a
way that instead of geodesic equations, the trajectories are essentially emerge from their confinement to the Bohmian
quantum potential. We apply this to find conditions on the associated frequency to the gravitons. We summarize in
Sec. V. Throughout this paper we denote overdots for differentiation with respect to the congruence parametrization
and primes for differentiation with respect to radial coordinate. Also 4-dimensional indices are presented by a, b, c, ...,
whereas those 3-dimensional ones, by i, j.
II. RADIALLY PROPAGATED TIME-LIKE CONGRUENCE IN A QUANTUM POTENTIAL
Assume a congruence of massive particles falling onto a region, geometrically described by the line element
− c2dτ2 = −f(r)c2dt2 + 1
f(r)
dr2 + r2dΩ2(2), (1)
with τ to be the proper time and here, the congruence parametrization. Now if a radially propagated time-like
congruence is generated by a time-like vector field ua = (u0, u1, 0, 0), then it is governed by the condition −c2 =
gabu
aub, characterizing the light cone structure by
− c2 = −f(r)(u0)2 + 1
f(r)
(u1)2. (2)
Defining the 4-momentum pa = mua, then it is straightforward to write down the Hamilton-Jacobi equation
gabp
apb +m2c2 = 0. (3)
The motion of massive particles on such congruence can be also expressed in terms of the particles’ energy E, as a
constant of motion. Indeed one can define E
.
= −p0c [18], giving u0 = E˜cf(r) with E˜ = E/mc2 to be a dimensionless
ratio, illustrating that to what extent the energy of a test particle can approach to that in the asymptote. Accordingly,
Eq. (2) yields
ua =
(
E˜c
f(r)
,−c
√
E˜2 − f(r), 0, 0
)
. (4)
It is straightforward to show that ua is parallel-transported along the congruence it generates (ua;bu
b = 0), so the
congruence is a geodesic congruence. Now if we consider a cross-sectional 3-surface, transverse to the congruence
generated by ua, then one can define the transverse expansion [19]
Θ = habua;b, (5)
in which
hab = gab +
uaub
−ucuc (6)
3is the metric describing the cross-sectional surface. Accordingly, for a radially propagated Bohmian congruence of
massive gravitons (axions) under the influence of the quantum potential VQ, the transverse expansion evolution is
governed by the rotation-less QRE, which in the (−,+,+,+) sign convention is of the form [16]
Θ˙ +
1
3
Θ2 = −σ2 −Rabuaub + hab∂b∂aVQ + 1~
2
m2
hab∂b∂aR. (7)
In the above equation, σ2 = σabσ
ab where σab = u(a;b) − 13habΘ is the symmetric trace-less shear tensor. Also
Rab is the Ricci tensor and R = R
a
a. The congruence avoids geodesic incompleteness (convergence or focusing) if
Θ˙ + 13Θ
2 > 0 [19]. Moreover the dimensionless coefficient 1 is supposed to be 1/6 for conformally invariant theories
describing massless particles, whereas for massive Dirac particle it is 1/4 [16]. The quantum potential is indeed the
rate of change of the amplitude R of an associated flat wave function ψ = ReiS with respect to the background
spacetime and has been essentially defined by VQ =
~2
m2
(R
R
)
. However Eq. (7) itself provides a peculiar expression
for the quantum potential, emerged directly from the background geometry. Also regarding the radial nature of the
congruence, it is intuitive to assume VQ ≡ VQ(r). Therefore recalling Θ˙ = Θ,aua, and using Eq.s (1), (4), (5) and (6),
we can infer an appropriate equation governing the behaviour of the quantum potential on a spherically symmetric
background in Eq. (1). We will do this in the next section to derive specific quantum potentials in the case that the
metric potential is expressed in a massive theory of gravity. We continue our discussion by bringing essentials of a
Lorentz-violating massive theory and its static spherically symmetric solution, and investigate the radially propagated
massive gravitons in two distinct cases.
III. MASSIVE GRAVITONS ON BOHMIAN TRAJECTORIES
The Lorentz-violating massive gravity action we consider in this paper is [4–6]
S =
∫
d4x
√
|g|
[
R
16pi
+ Λ4F(X,W ij)
]
, (8)
in which X and W ij are functions of the Goldstone fields Φ0 and Φi and are written as
X =
gab∂aΦ
0∂bΦ
0
Λ4
, (9a)
W ij =
gab∂aΦ
i∂bΦ
j
Λ4
− g
cdgef∂cΦ
i∂dΦ
0∂eΦ
j∂fΦ
0
Λ4X
. (9b)
Here, Λ = (mMPlanck)
1
2 , with MPlanck as the Planck mass. Presented in Ref.s [8, 20], the corresponding vacuum
spherically symmetric solution to the resultant field equations is of the form
f(r) = 1−M
(
2
r
+
γ
rλ
)
, (10)
in which, since f(r) in Eq. (1) has to be dimensionless, therefore in SI units dim[M ] = m and dim[γ] = mλ−1 (m
represents meters). Note that defining Q
.
= γM , we get back to what which was used in Ref.s [9, 10], however the
adoption of the form in Eq. (10) becomes more beneficial within this text. Accordingly, Eq. (7) yields
rλ+3
[
2E˜2rλ+2V ′′Q +
(
M
(
γ(λ− 4)r − 6rλ)+ 4rλ+1)V ′Q]
= γ
(
λ3 − λ2 − 4λ+ 4)M1 ~2
m2
[
M
(
γ(λ− 4)r − 6rλ)− 2(E˜2(λ+ 3)− 2) rλ+1]. (11)
It is worth noting that dim[VQ] = m
2s−2 [16]. In what follows, we consider two special cases by specifying λ in
the above equation and discuss the conditions of congruence divergence. Note that to avoid generating an infinite
Arnowitt-Deser-Misner (ADM) mass, one should always adopt λ ≥ 1, which also guarantees flatness of f(r) in the
asymptote. We investigate the cases of λ = 1 and λ = 4.
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FIG. 1. The behaviour of Θ˙ + 1/3Θ2 for λ = 1 and different E˜. The evaluations have been done for (a) γ > 0, (b) γ = −1
and (c) −1 < γ < 0. We can see that only in the case of E˜ = 1/2 and r > r1 we may encounter positivity.
A. The Case of λ = 1
In this case, solving Eq. (11) we get
V 1Q(r) = c2 −
c1(γ + 2)
E˜2
(
3
2
)1− 2
E˜2
Mr−
2
E˜2
×
r 2E˜2 ( E˜2
γM + 2M
) 2
E˜2
Γ
(
2
E˜2
− 1, 3M(γ + 2)
2E˜2
)
−
(
E˜2r
γM + 2M
) 2
E˜2
Γ
(
2
E˜2
− 1, 3M(γ + 2)
2E˜2r
) , (12)
in terms if incomplete Gamma functions. Here c1 and c2 are integration constants. However as we have stated before,
the divergence condition (Θ˙ + 1/3Θ2 > 0 which is naturally equivalent to the positiveness of the r.h.s. of Eq. (7)
for consistent expressions for VQ) must be applied to find conditions on E˜, in order to obtain permanent divergence
of the Bohmian congruence of gravitons. Therefore it is of benefit to obtain a visual sense about the behaviour of
Θ˙ + 1/3Θ2 in the spacetime described by Eq. (10). For the case of λ = 1, this scalar is
(
Θ˙ +
1
3
Θ2
)
|λ=1 = −
c2
[
2
(
E˜2 − 1
)
r + 3(γ + 2)M
]2
6r3
[(
E˜2 − 1
)
r + (γ + 2)M
] . (13)
This behaviour for different values of γ and E˜ has been shown in Fig. 1. The main aim is the determination of some
edges for E˜. However since E˜ is dimensionless, to plot the expression in Eq. (13) we tentatively adopt c = 1. This
means that we have discarded dimensionality for this very peculiar moment, to provide desired values of the ratio
E˜ within a small radial region, which is here r ∈ [0, 10]. We have also let M = 1, without loose of generality. It
is interesting knowing that in all cases (even for other values of M), we find out that the only reasonable range of
energy to have permanent divergence, would be 0 < E˜ < 1. Moreover, as we can observe in Fig. 1(b), there may
be points at which Θ˙ + 1/3Θ2 ≤ 0, implying congruence convergence. In this regard and in order to avoid geodesic
incompleteness, we should consider the regions where r > r1 with
r1 =
3
2
M(2 + γ)
1− E˜2 , (14)
which lies within physical radial distances for γ ≥ −2. This also includes regions beyond the asymptote. Therefore,
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FIG. 2. The logarithmic behaviour of |V 1Q| for different values of γ, according to a congruence of gravitons falling onto a
massive object like the Sun. The radial distance has been put in a way that every measurements are done within the separation
between the Sun and the Earth. Since the results are rather small, we had to consider large values of γ in order to obtain
visible distinctions among the curves.
a reasonable choice for V 1Q(r) is obtained by inserting E˜ = 1/2 in Eq. (12), giving
V 1Q(r)|E˜=1/2 = c2 −
c1
[
Γ(7, 6M(γ + 2))− Γ
(
7, 6M(γ+2)r
)]
279936(γ + 2)7M7
. (15)
Surely dim[c1] =
m9
s2 and dim[c2] =
m2
s2 . One can also inspect the behaviour of the quantum potential while the
graviton congruence recedes from the spherical massive source M . To deal with this, we should note that since R is
only valid inside the associated Compton wavelength of gravitons (λc ∼ 1026m, which is equal to the radius of the
observable universe) therefore it is plausible to think of a vanishing potential at infinity, resulting in
V 1Q(r)|E˜=1/2 =
c1
[
Γ
(
7, 6M(γ+2)r
)
− 720
]
279936(γ + 2)7M7
. (16)
This means that V 1Q is just being rescaled by a simple coefficient c1. Therefore to compare the behaviours for different
values of γ we can just rule out c1 (equivalently letting c1 = 1). Fig. 2 shows how the quantum potential changes while
we recede from a spherical massive object (here considered to be the Sun of mass M ≈ 2× 1030kg = 1482.22m with
the distance r ≈ 150× 109m from the Earth). According to the figure, V 1Q is available around the massive object and
it decreases from its maximum values at regions near the massive object, to its minimum values while the distance is
increased (here we considered regions near the Earth). Note that the values of V 1Q are very small, even by considering
rather large values of γ (either positive or negative).
B. The Case of λ = 4
In this case Eq. (11) provides
V 4Q(r) = c2 −
6γM1~2
m2r6
+ c1
(
3M
E˜2
)1− 2
E˜2
Γ
(
2
E˜2
− 1, 3M
E˜2r
)
. (17)
As in the previous case, to satisfy the divergence condition we should obtain some appropriate intervals for E˜. Dealing
with the expression
(
Θ˙ +
1
3
Θ2
)
|λ=4 = −
c2
[
4r8
[(
E˜2 − 1
)
r + 3M
]2
− 12γ
(
E˜2 − 1
)
Mr6
]
6r7
[(
E˜2 − 1
)
r5 +Mr (γ + 2r3)
] , (18)
we can adopt all previous conditions to seek for permanent divergence. According to Fig. 3 it turns out that it is still
0 < E˜ < 1 which can guarantee this. Moreover, to avoid convergence in the case of γ < 0, we must also consider
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FIG. 3. The behaviour of Θ˙ + 1/3Θ2 for λ = 4 and different E˜. The evaluations have been done for (a) γ > 0 and (b) γ < 0.
We can see that only in the case of E˜ = 1/2 and r > r4 we may encounter positivity.
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FIG. 4. The logarithmic behaviour of |V 4Q| for different values of γ, according to a congruence of gravitons moving on the edge
of the observable universe. In this regard it is affected by the total mass, within the universe.
r > r4 in which
r4 =
[
4
√
3M
(
E˜2 − 1
)√
γ
(
E˜2 − 1
)
+ 9M2
] 1
2
− 3M
2
(
E˜2 − 1
) (19)
eliminates Θ˙ + 1/3Θ2. Therefore a valid quantum potential, consistent with a diverging Bohmian congruence in the
case of λ = 4 could be
V 4Q(r)|E˜=1/2 =
c1Γ
(
7, 12Mr
)
35831808M7
+ c2 − 6γM1~
2
m2r6
, (20)
which is indeed of a huge value, since for gravitons ~m ∼ 1034 m
2
s [21]. Once again since we consider V
4
Q to vanish at
infinity, we can recast the above expression in the form
V 4Q(r)|E˜=1/2 =
c1
(
Γ
(
7, 12Mr
)− 720)
35831808M7
− 6γη
2M1
r6
, (21)
with η = ~m . Since V
4
Q is extremely large within spacial separations like the Solar system, it makes sense to examine
it in a much broader sense. The diagram in Fig. 4 shows the behaviour of this quantum potential when the graviton
congruence is moving at the threshold of the observable universe of mass M ≈ 7 × 1024m [22] and radial separation
r ≈ 1.4× 1026m [23].
IV. RELATIVISTIC QUANTUM TREATMENT OF DIVERGENCE
Once the particles’ confinement to quantum potentials has to be taken into account at a very initial step, it is
inevitable to replace the geodesic trajectories by those which are obtained from a bounded Hamilton-Jacobi equation.
7This is indeed the approach which has been considered as a conceptual foundation to derive the QRE. In this section,
we go through this approach to reconcile our treatment onto the behaviour of non-geodesic graviton congruence.
Therefore, and to obtain appropriate conformity with the usual formulation of relativistic quantum mechanics in the
literature and also with Ref. [16], we choose the (+,−,−,−) sign convention throughout this section (the metric
associated to Eq. (1) becomes gab = diag
(
f(r),−f(r)−1,−r2,−r2 sin2 θ)). So, for a time-like tangential vector va it
is mandatory to satisfy vava > 0.
First of all, let us define a radial wave vector
ka = (k0, kr, 0, 0) (22)
to describe bosons. If ka is supposed to relate to the energy-momentum of the particle, then it is reliable to consider
ka =
(ω
c
, kr, 0, 0
)
, (23)
with ω as the associated frequency to bosons. Note that p0 = ~k0 = ~ωc , and therefore E = p0c = ~ω is the energy
of the particles. However to determine kr, one should apply the Hamilton-Jacobi condition, which in relativistic
quantum mechanics provides the Klein-Gordon equation. Here on the other hand, and since the bosons are supposed
to bounded, this equation is recast in the form [16](
+ m
2c2
~2
− 1R
)
ψ(xa) = 0, (24)
which same as before, ψ(xa) is the wave function on a fixed background. Such wave function describes a quantum
fluid or a condensate. Substitution of its definition in Eq. (24) gives
gabkakb − m
2c2
~2
+ 1R− m
2
~2
VQ = 0, (25)
to obtain which, we should assume the operator form of the wave vector; i.e. kˆa = i∂a. In this regard, the Klein-
Gordon (or the Hamilton-Jacobi) equation would be
(
kˆakˆa
)
ψ =
(
m2c2
~2 − 1R
)
ψ. If solved for VQ, the above equation
yields
VQ(r) =
1
c2m2r2f(r)
[
c2f(r)
(−c2m2r2 + r21~2f ′′(r) + 4r1~2f ′(r)− 21~2)+ c2~2f(r)2 (21k2rr2)+ r2ω2~2] .
(26)
Moreover, the relevant non-geodesic congruence is generated by the tangential 4-vector va =
~ka
m , obeying
vb;av
a = −gbc
[
1~2
m2
∂c (R− VQ)
]
. (27)
Calculations in the new sign convention and considering Eq.s (23) and (26), the above condition results in
kr = ±
(
2c21f
2
(
m2 − 1~2
) (
r3f ′′′ + 4r2f ′′ − 2rf ′ + 4)+ 8c21f3 (1~2 −m2)− ω2r3f ′ (m2 − 21~2)
c2r3f2f ′ (m2 − 21~2)
) 1
2
, (28)
which we consider the negative segment to recover the ingoing congruence. Now to deal with the indigenous constant
Θ˙ + 13Θ
2, we should note that the projection tensor is essentially based on a 3-metric, which is
hab = gab − vavb
vcvc
, (29)
where va can be extrapolated from Eq.s (23) and (28). Using Eq.s (5) and (10), the mentioned scalar for λ = 1
becomes (
Θ˙ +
1
3
Θ2
)
|λ=1 =
ω2~2
(
9(γ + 2)2M2 − 12(γ + 2)Mr + 8r2)
12c2m2r2(r − (γ + 2)M)2 . (30)
One can examine its dependence on ω in the solar system scale, as we have shown in the previous section. It can be
observed form Fig. 5 that for any typical value of ω, the divergence is guaranteed. In this case, the gravitons are in
need of attaining very small values of energy. However everything changes once we turn to the strong gravitational
effects on gravitons. In this case, namely for λ = 4, the scalar
(
Θ˙ + 13Θ
2
)
|λ=4 becomes rather complicated and is
indeed of order 20 in distance. As in Fig. 6 which has been plotted for the cosmological range we considered in the
previous section, no quantum potential can confine gravitons to exist on diverging congruences; they will eventually
converge. It is observed that they obtain much greater values of energy.
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FIG. 5. The behaviour of Θ˙ + 1
3
Θ2 for λ = 1, γ = 3 and for very small values of ω in the solar system constraint. One can
see that even in these small ranges of energy, the massive particles will always reside on diverging congruences.
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FIG. 6. The behaviour of Θ˙ + 1
3
Θ2 for λ = 4, γ = 3 at the particle horizon threshold. The particles need much greater values
of energy than that in the λ = 1, however convergence is inevitable
V. SUMMARY OF THE RESULTS
One if the essential features of QRE is that it prevents any congruence of massive gravitons from crossing. On the
other hand, all theories with massive gravitons agree upon extremely weak couplings of matter and gravity, which
becomes even completely negligible inside associated Compton wavelength. In this paper we examined one Lorentz-
violating massive theory by finding the quantum potential, needed by the graviton congruence to avoid convergence.
Being rather sensitive to the parameter λ, the spherically symmetric background spacetime was applied by splitting
up to two distinct categories λ = 1, 4 which inspections revealed that divergence becomes possible when the test
particles’ energies do not exceed those in the asymptote. For the case of λ = 1 and under the Solar system conditions,
it became clear that as it was expected, very small amounts of quantum potential can provide permanent divergence.
Such values show that the applied massive theory of gravity with λ = 1 is totally consistence with QRE, even in the
regions inside the associated Compton wavelength. However for the case of λ = 4, the QRE results in huge values of
quantum potential within such conditions. In fact it turns out that V 4Q is only reasonable on the Compton wavelength,
and inside, it is not. Hence, one can infer that the applied massive theory for λ = 4 will indeed break down its integrity
9with the QRE since it shows strong coupling to matter. One reason, appears to be because of the strong gravitational
field in the case of λ = 4, provided by the black hole solution in Eq. (10). In such situations, we can no longer consider
linearized couplings of matter fields and gravitational action. In fact the vigorous gravitational force violates weak
coupling between gravity and matter. Because of such conditions, the massive theory fail to conform to the QRE
for higher values of λ. This was also shown through another approach, where the gravitons were considered to be
initially bounded by a confined Hamilton-Jacobi condition, to the quantum potential. This provided us a relativistic
quantum viewpoint for bosons like graviton which were regarded as a wave function described on a fixed background.
This way, we discussed the validity of diverging non-geodesic time-like congruences in both cases of λ = 1, 4. There,
once again, it appeared that the strong gravitational effect will break the conformity with the necessity of divergence,
because the λ = 4 case shows permanent convergence. It should be noted that, even though the Hamilton-Jacobi
equation for free particles may confirm possible divergence in large scales, however it is not still the case once the
particles are supposed to originate from a quantum potential and move on non-geodesic trajectories. In conclusion,
if QRE is supposed to be exploited to investigate congruence evolutions in black hole regions, one should be aware of
possible extensions and the capabilities of the gravitational theory, in generating extremely strong fields.
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